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1. Introduction 

Throughout we put q = e^'^" , where Im r > 0. As usual, the Jacobi theta 
functions Ok{z\T) for € { 1, 2, 3, 4} are defined as: 

DO 



I ■r— ^ 11(1+1) 



.(2«+l)fe 

n=-~oo 
oo 

e2iz\r) = q^ ^"^-^'"^'^^ 



n=—oa 



„2niz 



0?,{.z\t) = q^e 

n—-oo 

CO 



^ „2niz 



Circular summation of theta functions has been an interesting topic. In their 
paper f?"], S.H. Chan and Z.-G. Liu proved the following remarkable circular sum- 
mation formula of theta functions |4, Theorem 4]. 

Theorein l.l. Suppose yi,y2, - ■ • ,yn cire n complex numbers such that y\ + 
yi + ' ' ' + yn =0. Then we have 

(1-1) n^3U+3'y + — \T\ = Gm,n(yi,y2,--- ,yn\T)6^{mnz\m^nT), 
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where 



(1.2) Gm,niy\,yi,--- ,yn\T) = mn ^ 



fl,-- ,r„=-tx 
ri+-+r„=0 

This theorem generalizes the fundamental result in Zeng's lH. Zeng ||8l is mo- 
tivated by Ramanujan's circular summation formula [6, page 54] (see also f31) and 
Boon et al. Eq. (7)]. For detailed account of the topic of the circular summation 
of theta functions, we refer the readers to [3| and [4|. 

Applying the Jacobi imaginary transformation to (ll.ll ). S.H. Chan and Z.-G. Liu 
got the dual form of Theorem |l.l[ i.e. [4, Theorem 5]. 

Theorein 1.2. , Suppose yi,y2, - ■ ■ ,yn fl^re n complex numbers such thatyi + 
y2 + • ■ ■ + yn - 0. Then we have 
(1.3) 

mn- 1 2 " 

^ <7Te2«:fe Y\ 6*3 [mz + (yj + km)nT\m^nT) - F,„^n{yi,y2, ■ ■ ■ ,3'n|T)6'3(z|T), 



where 



{-it) 2 -I -2+ / y^jT y^n 

Fm,n(yi,y2,- ■ ■ ,yn\T) = " GmA^T^' 

{m^n)2 \m^n 



There is also another formula (|4, Eq. (1.10)]) for Fm,n(yi,y2, ■ • ■ ,yn\T) in H 
Theorem 5] without proof. Substituting H Eq. (1.10)] back into (fT3] ) (i.e. S Eq. 
(1.8)] ), and then, taking m = 2 and n = 1, we obtain 

(1.4) G3{2z\4t) + 02(2z|4t) - (1 + q)ei{z\T). 

But 



^ ^2niz 



2(2n+l)iz 



«=— CO CO 

= 03(2z|4t) + 02(2z|4t). 

Thus ( 11.41) does not hold unless <7 = 0, so we can conclude that the formula H Eq. 
(1.10)] is incorrect. 

In Section 2, we will make a correction of the formula H Eq. (1.10)] with proof. 
In Section 3, we will use Theorem 12. II to deduce the imaginary transformation 
formulaes of a type of generalized cubic theta functions. 

2. Correction of the formula [4, Eq. (1.10)] 

We rewrite Theorem 1 1.2| plus the formula for F,n^n(y\,y2, ■ ■ ■ ,yn\T) Theorem 
5] in the following version, where (12.31 ) is the correction of H Eq. (1.10)]. 
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Theorein 2.1. , Suppose y\,y2, - ■ ■ ,yn are n complex numbers such thatyi + 
y2 + ■ ■ ■ + y„ = 0. Then we have 



mn-\ , 



(2. 1) 2] '7*2 e^'''^' Y[ 93 {mz + yj + knmT\m\T) = F,„^n(y\, yi,-- - , yn\T)eMT), 
k=o j=l 



where 



Fm,n(yi,y2,--- ,yn\T) 



(-'t) '2" -'^-f „ / y\ yi yn 

= ———re '«2'"" — — ^...^ 



wP-nT I 



{m^n)2 \m'^nT m-^m m-^nT 

n-\ ^ ^ 00 

\n?n(r\+rl+-+rl) -Ii(riyi+r2y2+-+rnyn) 



*:=0 ri,r2,-,r„=-oo 
r[+r2+-+r„=k 



Proof. For the proof of (12.11) and (12.21 ). see (4). Obviously, (12.11 ) can also be proved 
direcdy by the theory of Elliptic functions like the proof of [4, Theorem 4]. We 
only prove (12.31 ) in detail. Applying the series expansion of 03(z|t) to (12.11 ). the left 
hand side of (12.11 ) equals 



mn-\ n oo „,2„,2 

k=0 7=1 rj=-oo 

mn~ i oo 

_ ^ ^ ^^[/:2+m2n(r2+r2+-+r2)]+*:m(ri+-+r„) 
i=0 ri,-- ,?-„=-oo 

_^2i(riyi+r2y2+-+r„y„)^2imz {ri+r2+-+r„)+2kiz 
m-i n-i oo 

72 



-[(/:fn+/)2 +m^n{rj+rj+--+rl)]+(km+l)m(ri+—+r„) 



1=0 k=0 ri,-- ,r„=-oo 

_^2i(r[yi+r2y2+-+r„y„) ^2imz (ri+r2+-+r„+k)+2ilz 
n-l oo 

^y^^ ^y^^ ^^[k^m^+m^iiir^+r^-i — vr},)\+km^{ri+--+r„) 
k=0 n,-- ,f„=-oo 

_^2i{riyi+r2y2+-+r„y„)^2imz (r,+r2+-+r„+k) 
n-1 oo 

_l_ y q2^^'^"^^^^ ^"^ '^V[^'2^ — ^'/i 

k=0 I't,— ,r„=-oo 
_^2i{riyi+r2y2+-+r„y„)^2imz {r,+r2+-+r„+k)+2iz 

+ 

n-1 oo 

_l_ ^y^^ ^j\ikm+m-\f-+m^n{r\+r\-\ — \-rl)]+{km+m-l)m{ri+—+r„) 

k=Q ri,- ,r„=-oo 
_^2i(riyi+r2y2+-+r„y„)^2imz {ri+r2+-+r„+k)+2iz(m-\) 



i [(km+\)^ +m^n{r'\+r\-\ — vrl)]+(km+l)m{ri H — l-r„) 
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Note that, in the last identity above, the term independent of z is produced only 
from the first sum. The right hand side of (12.11 ) equals 



^ m,n (yuyi,--- ,yn\T) ^ g"^ e 



Iniz 



Then equating the terms that are independent of z on both sides of (12.11 ). we find 
that 

Fm,niy\,y2,--- ,yn\T) 
n-l oo 

_ ^ ^ ^^[k^m^+m^n(r^^+rj+-+rl)]-k^m^^2i(riyi+r2y2+-+r„y„) 

k=0 '-,,1-2,- ,r„=-co 
I'l +'"2"! — ^'"«=^^ 
n-i ,2 c» 
- ^g"''^ ^ q^>n^n(rj+rj+-+r];)^-2i{ny,+r2y2+-+r„y„)_ 

k=0 n,r2,- ,r„=-oa 

ri+r2+-+r„=k 

This completes the proof. □ 



3. The imaginary transformation formulaes for a type of generalized cubic 

THETA functions 



We rewrite (12.21 ) and (12.31) as the following corollary. 

Corollary 3.1. For n complex numbers y\,y2,--- ,y„ such that y\+y2-\ 1- 

j„ = and the function Gm,n(y\^y2^ • ■ • ^yn\T) defined by ( 11.21 ). we have 

(3.1) 

r i-lL- ^" 



{-i''') 2 yt=0 ri,r2,-,f„=-oo 

ri+r2+--+r„=k 



Setting m = I and « = 3 in Corollary 13. 11 and then, replacing t by ? , we obtain 



/ji -yi - y2 1 1 
(ji.s — > — 

\ T T T It 

= -^ire^^^^^^j^q-'i ^^('-?+4-3\-2'Tn.v...2.V2-.3Cv...2)] 

k=0 n,r2,ri=-oa 
n+r2+n=k 



2/Cvj+jj+viV2) 

■ y3iT e 



2 ^'■I+'i+n'-2g"2,T 



2iri (2>'| +3)2)-2!r2Cyi +2^2) 

^ ■ - 

ri,r2=-°° 
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_l_ ^ ^''i +''2+''l "''2+5 g~2iri (2yi +}'2)-2i>2Cvi +2y2)+2i0'i +^2) 



ri,/'2=-oo 



_l_ ^ ^r2+r|+rir2-2ri-2r2 + f ^-2!>i(2yi+)'2)-2!>2()'i+2y2)+4;(y,+y2) 



'■|,'-2= 



In the square brackets of the last identity above, replace ri and r2 in the first and 
second sums by -ri and -r2, respectively, and in the last sum, replace and r2 by 
ri + 1 and + I, respectively. Then we obtain 

V 



(3.2) G,3^,^,I^ 

T T T 



■ V3/t e 



ri,r2=-oo 



'--+r2+ri '■2g2i>i (2>-i +j'2)+2i>2()'i +2>'2) 



2!(yi +.V2) \ ^ n''i+''i+''l +'■2+3 g2i>i (2>'i +y2)+2!>2()'i +2y2) 



r\ ,r2=-oo 



_|_ g -2/0-1 +y2) ^ ^'■? + '-f+n»2T,l-r,2-r3g 



-2+ri +r2+T -2(V| (2yi +y2)-2(r2 0'l +2y2) 



Definition 3.2. T/ie cubic theta functions are defined as 



(3.3) 
(3.4) 
(3.5) 



a{x,y\T) 
b{x,y\T) 
c{x,y\T) 



Z 1 



,m +n +mn 2im{2x+y)+2in{x+2y) 
e , 



m-n m +n +mn 2im{2x+y)+2m{x+2y) 



0) q 



m,n=-oo 



\ ' +n- +mn+m+n+ A 2™(2jc+y)+2m(;c+2y) 

Zj ^ 



m,n=-oo 



where co := e ^ . 



We have followed Chan and Liu (4, Definition 1] in the definition of a{x,y\T) 
above. For more discussions on cubic theta functions of three variables, see |[Il|5l|71 
Direct computation can verify that 



1 / TTT TTTi 



b{x,y\T) = a\x,y + -\t^ and c{x,y\T) = qia\x + —,y + —\t 
By (ini) and (1331) . we obtain 

Gi,3Cyi.3'2,-3'i -3'2|t) ^ a(yi,y2\T). 
Then from (13.21 ) and the discussion above, we get the following identities. 

Proposition 3.3. For any complex numbers x and y, we have 

\t T T 
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= - Vs/r e 



[a{x,y\T) + e^'^''*^\{x,y\T) + e 



.-2i(x+y) 



c{-x, -ylr)] 




[a(x,y|T) + we2'X-t+^)c(x,);|T) + w2e-2iU+y)c(_x, -jIt)]. 
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